Chapter 3

Line and Surface Integrals

3.1 Parametric Curves

We will use bold letter x = (21,2, -+ ,2,) to denote a point (or a vector) in R". When
n = 2 and 3, we also write x = (z,y) = i + yj where i = (1,0), j = (0,1), and
x = (z,y,2) = zi+yj+ zk, where i = (1,0,0),j = (0,1,0),k = (0,0, 1), respectively. The
norm or length of a vector x is given by

|x|:\/x%+x§+---+x%.

A parametric curve is a continuous map from an interval to R",n > 1. Although
the interval could be arbitrary, we will take it to be [a,b] for definiteness. Let r(t) =
(x1(t), -+ ,x,(t)),t € [a,b], be a parametric curve. We also let x(t),y(t), or ¢(t) to denote
a parametric curve. For a space curve, the vector notation: x(t) = z(¢t)i+y(t)j + z(t)k is
often used. When the context is clear, we drop the adjective parametric. The independent
variable is usually taken to be t, z, etc.

It is best to imagine a parametric curve as the trajectory of a particle, where |r'(t)]
stands for its speed at time t. Indeed, the average speed of the particle in the time
duration [t,t + At] is given by

lr(t + At) —r(t)]
At '

By the mean value theorem, w;(t + At) — x;(t) = 2(t*)At for some mean value t* €
[t,t + At]. Hence

rrn

v(t+ AL —v(t) = (2 (£), 25(63), - 2y ()AL, £ € bt + Al

and

r(t + At) — r(t)]
At

= TR +aR(E) 4+ 2208 = )]
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as At — 0.
There are some common definitions for a parametric curves.
o It is a Cl-curve if every z; = x;(t),i = 1,--- ,n, is continuously differentiable on
[a, b;
o It is regular if it is a C'-curve and |r'| > 0 on [a,b]. Here |r/| = /22 + -+ 22 ;
e It is a closed curve if r(a) = r(b);

e It is a simple curve if it is one-to-one on [a,b). (The point b is excluded because
r(b) = r(a) for a closed curve.)

o A piecewise C'- (resp. regqular) curve consists of finitely many C! (resp. regular)
regular curves r; on [a;,b;],7 = 1,---,n, that satisfies 7;(b;) = rj41(aj41,7 =
1,---,n— 1. It allows r to be non-differentiable at the endpoints of the intervals
(although one-sided derivatives exist there).

The constant map r(t) = x¢ is a parametric curve which degenerates into a point. It
satisfies ' = 0. The condition [r'| > 0 ensures r really looks like a curve. The parametric
curves studied in this course are all piecewise regular curves.

Example 3.1. Straight lines. A general parametric form of a straight line is given by
r(t)=a+dt,d#0, te(—o0,00),

where a and d are given points in R™. The straight line passing two different points a
and b is given by
r(t)=a+(b—a)t, te(—o0,00),

so that r(0) = a and r(1) = b. From |r/(¢)| = |b — a| we see that this parametrization is
regular.

Example 3.2. The circle of radius r centered at the origin is given by
7(0) = (rcos,rsinf) = rcosbi+ rsinfj, 6 € [0,2n].

When 6 increases from 0 to 27, a particle starting at (1,0) travels around the circle once
in the anticlockwise way.

On the other hand, the parametric curve
v2(0) = (rsin®, —rcosf) , 6 €[0,2n],

goes around the circle in the clockwise way.
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One may also consider v3(6) = (rcos 26, rsin26) , 6 € [0, 27|, which, though the image
is the same circle, goes around it twice as € runs from 0 to 2.

All these curves are regular.

Example 3.3. We know that the graph of the equation y = ax? 4 bx + ¢ represents a
parabola. A convenient parametrization is given by

r(z) = (z,a2® + bx +¢) = 2i + (az® + br +¢)j, 2 € (—00,00) .

In general, whenever a function y = f(z), € I , where [ is some interval is given, the
expression

r(z) = (v, f(x)) = @i+ f(2)j, zecl,

gives a parametrization of the graph of f as a parametric curve in the plane.

Example 3.4. The helix is a space curve given by
h(t) =rcosti+rsintj+tk, te (—o0,00).

From |h'| = v/r2 + 1 we see that the helix is always regular. Whether the curve is regular
or not depends on the choice of the parametrization. For instance, if now we consider

v(t) = rcost’i+rsint’j + t°k , t € (—o0,00) ,

whose image is identical to the image of h, from |y/| = 2tv/72 + 1 we see that it is not
regular at ¢ = 0. One may say this is not a good parametrization.

3.2 Line Integrals of Functions

Now we define the integral of a function on a parametric curve.

Let r be a C! parametric curve in R",n > 1 defined on [a,b] and f a continuous
function defined on C, the image of [a, b] under r. We would like to introduce a concept
of integration of f over r. The guiding principle is that it should give the total mass of
the curve when regarded as a very thin object in space with density f.

A partition P,a =ty <t <--- <t, = bon [a,b] introduces points p; = r(t;) on the
curve. We may use the polygonal lines connecting p; and p,,; to approximate the curve.
In particular, the mass of C' is given approximately by

Z f(@))pj1 —pyl = Z f@)e(t;a) — ;)]
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where q; = r(t}) is a tag point. By applying the mean value theorem, x;(t;,1) — z:(t;) =
z;(t5)At; for some ¢} € [t;,t;11]. Hence,

> Flalr(t)—r |42f%w% + 2R () - w2(E5,) Aty £ € [t t50] -
J
Letting || P|| — 0, we see that

Zf (a))[Pj1 = PJ|—>/ f(r e+ x2(t)dt .

This consideration leads us to the following definition. Let C be a C'' parametric curve
in R™. For a continuous function f defined on C| its line integral along C' is defined to be

/f%—/f D)) dt (3.1)

When r maps bijectively onto its image and f is positive and, this integral gives the total
mass of the image of this parametric curve with density f. Taking f =1,

b
C| E/ I'|(t) dt (3.2)

yields the length of the image of this parametric curve.

We have seen that one may alter the way of parametrization while keeping the image
unchanged. Let v, be a regular parametric curve on [a,b]. Another regular parametric
curve 7y, on [c, d] is called a reparametrization of 7, if there is a C'! bijection ¢ from [a, ]
to [c,d] such that v1(t) = 72(p(t)) . Applying the chain rule to this relation, ~(t) =
Y (p(t))¢'(t), which implies |1 (¢)| = [75(p(£))||¢'(t)]. Since both curves are regular, we
see that ¢’ never vanishes, hence either ¢ > 0 or ¢’ < 0. For instance, let v,(t) =
(cost,sint) t € [0,7] and y2(z) = (2, V1 — 22), z € [-1,1]. 72 is a reparametrization of
71 and they are related by z = ¢(t) = cost. Here ¢/(t) = —sint < 0 on [0, 7].

Given two regular curves 7;,¢ = 1,2, which map bijectively onto the same image
C C R™. Clearly we can find a bijective map ¢ satisfying the relation v1(t) = 72(p(1)).
One can show that ¢ is also C! so that indeed 75 is a reparametrization of ~;.

When we talk about the length or the mass of a curve, certainly we mean it to be a
quantity which depends only on its form in the ambient space. In other words, no matter
which parametrization you choose to perform the calculation, the end result should be
the same. This is the content of the following theorem.

Theorem 3.1. The line integral (3.1) is independent of reparametrization.
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More precisely, let r; and ry be two regular curves on [a,b] and [c,d] respectively
sharing the same image. Then

[t = [ ool

Proof. Let ¢ be the C'-map that relates the two curves. We have r1(t) = ro(p(t)) ,t €
la,b]. Since ¢ maps [a,b] onto [c,d] bijectively and ¢’ never vanishes, either ¢’ > 0 or
¢ < 0on [a,b]. In the first case, p(a) = ¢ and p(b) = d. From ry(t) = ra(p(t)), we have
r1(t) = ra(@(t))¢'(t). Therefore, by change of variables,

s

b
:l/ﬂm@mwmw

d b
/fmumwmmzl/ﬂmwm

In case p(a) = d and p(b) = ¢, ¢’ < 0. We have

[ reeiseie = [ o) Soar

= [ ol

]

The definition is readily extended to any piecewise regular curve C' using the decom-
position C' = Cy + --- + C,, where C}’s are regular:

/Cfds:zj:/cjfds. (3.3)

Formula (3.1) takes a special form when the curve is the graph of a function. Consider
the plane curve C' = {(z,¢(z)) : x € [a,b]} where ¢ is continuous. In the trivial

parametrization r : z — (z,0(z)). From r' = (1,¢'(x)) and |v'| = /14 ¢2, (3.1)
becomes \
waz/f@wwhﬂ+W@Mw (3.4)

Example 3.5. Evaluate
/(:1:—3y2—|—z)ds :
c

where C' is the line segment connecting the origin to (1, 1,1) given by ¢(1,1,1), t € [0, 1].
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Clearly, r(t) = (t,t,t) imples |r'(t)| = v/3 . Therefore,

1
/(:v—3y2+z)ds:/ (t—3t> +)V3dt =0
C 0

Example 3.6. Consider the following two line segments C; and C5 given respectively by
ry=ti+tj, t€[0,1] and ro(t) =i+j+tk, t € [0,1]. Here ri(1) = ry(0), so they form
a piecewise regular curve C'. Evaluate

/(a:—3y2+z)ds.
c

Well, it just has to do things separately.

/Cl(:t—?)gf—l—z)ds:/Ol(t—3t2+0)\/§dt:—?.

1
/(x—3y2+z)ds:/(1—3+t)><1dt:—§.
Co 0 2
So

There are numerous ways to parametrize a curve. One may ask: Among all these
possible parametrization, is there an optimal one? The following theorem suggests an
answer to this question.

Theorem 3.2. Each regular curve in R"™ admits a parametrization r satisfying |r'| = 1.

This special parametrization is called the parametrization by arc-length. It represents
a particle running along the curve in unit speed. An arc-length parametrization is unique
among all parametrization of the same orientation.

Proof. Pick a regular parametrization r of the given curve C'. That is, r is a regular
parametrization which maps some [a, b] bijectively onto C. Define

S(t):/ ()| dz, telab.

Since |r’/| > 0, as ¢ runs from a to b, S runs from 0 to L, the length of C. Let ¢ be the
inverse map of S : [0, L] — [a,b] . Let

'7(8) = I‘(Qﬂ(S)) , SE [O’L] .
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Then ~ maps [0, L] bijectively onto C, and
V(s) = r'(¥(s)'(s)

Hence |7/(s)] =1 on [0, L. O

3.3 Geometric Curves

What is a (geometric) curve? A set C' in R" is called a C'-(resp. regular) curve if it
is the bijective image of a C'- (resp. regular) parametric curve. (When the curve is
closed, it is allowed that the endpoints of the interval being mapped to the same.) Such
parametric curve is called a C'-(resp. regular) parametrization of the curve C. A curve
admits many different parametrization. Let r; be such a regular parametrization on [a, b]
and ry be another on [c,d]. From the definition of regular parametrization, there is a
bijective C'-map ¢ so that ro(z) = ro(p(2)) for z € [¢,d], and the following alternative
holds: Either

(a) p(a) = ¢(c), p(b) = ¢(d) and ¢’ > 0 on [a,b] , or
(b) w(a) = (d), p(b) = ¢(c) and ¢’ < 0 on [a,b] .

Proposition 3.1 which asserts the line integral (3.1) is independent of reparametrization
shows that (3.1) is a property of the curve, that is, a subset in the ambient space rather
than its parametrization.

Example 3.7. Find the mass of the arc in the shape of a half disk y?> + 22 =1,z > 0 in
R3 with density 2 — 2.

We have freedom to pick a parametrization to perform the line integral. Let us take
v(t) = (cost,sint,0), t € [0,7]. Then v/(t) = (—sint,cost,0), |y (t)] =1, so

/0(2—2)ds:/Oﬂ(Q—sint)dt:%r—Z.

If we choose another parametrization, say, let r(y) = yj+ /1 — v?k, y € [-1,1] . We

have r'(y) = /1/(1 — y?), so
1 2 1 _
/C(Q—Z)ds:/_l(Q— 1—y)ﬂdy—27r—2,

same as above.
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From the above discussion, all regular reparametrizations of a curve can be put into two
groups according to their “orientation”. An oriented curve is a curve with a chosen orien-
tation, that is, a choice of preferred parametrization. Let ry and ry be two parametrization
of an oriented curve C' and let ¢ be the C'-map such that ro(2) = r1(¢(z)). By the chain
rule, r5(z) = r|(t)¢'(z) where t = ¢(z). As ¢’ is positive, the unit vector r}/|r}| = r}/|r]]
which is tangential to the curve C' is independent of parametrization of the same orienta-
tion. It is called the unit tangent of the curve at the point r;(¢) and will be denoted by
t. When the orientation of the parametrization is reversed, the unit tangent changes to
—t since now ¢’ is negative.

Example 3.8. Determine the unit tangent of the unit circle at the point (v/3/2,1/2).

First, we choose a parametrization of the circle. The handiest one is
r(f) = cosbi+sinfj, 0¢€ 0,7,

where r(7/6) = (v/3/2,1/2). We have

r/

']

—sin #i + cos 6j

t(v/3/2,1/2) =

1
= (=1/2,v3/2) .

Alternatively, one may use the parametrization
v(t) = (=t,vV1—-1t?), tel[-1,1],
where 7(—v/3/2) = (v/3/2,1/2) . We have 7/(t) = (—1, —t/v/1 — 12) and |¥'(t)| = 1/V/1 — 2.

Therefore,

t(v/3/2,1/2) = gg:—%

— (~1/2.v3/2)

which is the same as above.

The same consideration can be extended to all piecewise regular curves.

Oriented curves are relevant when we integrate a vector field along a curve in the next
section.

Finally, we point out there are two operations on curves we will encounter. First, for
an oriented curve C' we use —C' to denote the oriented curve obtained by reversing the
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orientation of C'. More precisely, let r : [a,b] — C be a regular parametrization of the
curve C. The parametric curve ry(t) = r(a + b —t) becomes a regular parametrization of
C' in reverse orientation.

Second, let C; be a oriented curve parametrized by r; on [a,b] and Cy be another
oriented curve parametrized by ry on [c,d]. In case r1(b) = ra(c), we can put these two
curves together to form a new curve C 4+ Cs. It is again a piecewise regular curve when
both C; and Cy are piecewise regular. In fact, let ry be on [a, b] and ry on ¢, d]. The curve
r(t) =ri(t), t € [a,b] and r(t) = ra(t +c— b)), t € [b,b+ d — ¢| is a parametrization of r
on [a,b+d — .

3.4 Vector Fields

Vector fields are usually defined in open sets in R™. It is necessary to define an open set
first.

An open set is a set consisting of interior points or a set without boundary points. A
formal definition is that S is open if for every x € .S, there is a ball containing x which is
completely contained in S. The ball {x € R™ : |x| < 1} is an open set. In general, the
regions we performed integration in the previous two chapters consist of interior points
and boundary points. Without counting the boundary points, that is, the interior of a
region, forms an open set.

Let S be a subset of R"™. A vector field F(x) = (F1(x),- -, F,,(x)) in S is an assignment
of an n-tuple of function to each point x € S . It is a continuous vector field if all
components F;’s are continuous in S. A vector field F defined in an open set S is called
a C'-vector field if all components F}’s are C'-functions in S. Note that since F} is well-
defined in all nearby points around a specific point in S, one is able to form difference
quotients and hence partial derivatives, and that is the reason we need the set to be open.

The definition of a vector field which is just putting some functions together looks
rather trivial. In fact, it becomes meaningful when one considers it on a surface or a man-
ifold (a generalized surface). It is required further that the vector field lies on the tangent
space of the manifold. Many laws of physics are described by differential equations and
differential equations are completely determined by its associated vector field. Hence the
study of vector fields on manifolds is essentially equal to the study of differential equations
on the manifolds.

Example 3.8. Consider the vector field

1
F = _(xth?”' ,.Tn) .
x|

This expression is well-defined, and in fact, infinitely many times differentiable away from
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the origin. Hence its natural domain of definition is the open set R?\ {0}. The direc-
tion of this vector field at the point x is x/|x| and its magnitude is always equal to 1.
Any vector field of the form f(|x|)x is called a radial vector field. F is a radial vector field.

Example 3.9. Let
R(z,y) = —yi+j .

This is a smooth vector field in the entire plane. A vector field is smooth is all its com-
ponents are infinitely differentiable functions. Since R(z,y) - (z,y) = 0, this vector field
is perpendicular to its position at every point. It is a rotating vector field.

Example 3.10. The notion of a vector field is originated from physics. The presentation
of a point mass (say the Sun) generates a force field in space. At the center the force
becomes infinity, hence the vector field is only defined in the entire space minus the center
(the location of the point mass). Any point mass (say the Earth) would be attracted to
the center by a gravitational force. According to Newton’s law, the gravitational force is

a field given by
GMm

TP

where M, m are respectively the masses of the Sun and the Earth, and G is the gravita-
tional constant. The magnitude of the force is

G(x) =

B GMm

r2

|G (x)|

Y

where r = |x| is the distance between the Earth and the Sun. The direction of force is
—x/r, that is, it is attracting toward the Sun.

Example 3.11. The gravitational force of the Earth exerting on objects on its surface
may be approximated by
V= <0707 _g) - _gk ;

where ¢ is the gravitational constant. This is a constant vector field.

3.5 Line Integral Of Vector Fields

In this section we show how to integrate a vector field along a curve.

The background comes from physics. Suppose an object is moved from Point a to Point
b under the influence of a constant force field F. Its work done by the force field is given by
F-(b—a). Now we would like to calculate the work done of a non-constant force field along
a parametric curve r : [a,b] — R™. Let P be a partition tc = a < t; < --- < t, = b on
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[a,b] and p; = r(t;). We approximate the curve by polygonal lines formed by connecting
the points p;’s. The work done moving from p; to p;,, being F(p,) - (p; 1 — pP;) where
p; is taken to be a tag point. When the partition is very fine, the force field is almost a
constant near p;. Therefore, a good approximation to the work done along the curve is

given by
p 1~ Py
Z F( p] pg+1 Z F(p j+ — At
]
As the term
Pj+1 — Py
At;
_rtn) —r(G)
At;
— 1
= t|r|

as ||P|| — 0 where t is the unit tangent of the parametric curve, the work done by F
along the curve r is and should be defined to be

b
/ F(x(t)) - ¥'(t) dt |

/mewMMﬁ.

Let G be a nonempty open set in R® and C an oriented C'-parametric curve in G.
For a continuous vector field F in G, one defines the line integral of the vector field F

along C' to be
/F-drE/F-tds, (3.5)
c c

where t is the unit tangent of C'. From this definition one readily sees that the line integral
of a vector field is independent of reparametrization of the same orientation, but changes
to a negative sign when the orientation is reversed.

Using F = (F,--- , F,) and t = r'/|r’|, we have

l/pmz/jmmm¢@+m+nmm%@mu (3.6)
C a

where r is a parametrization of C on [a, b].

When n = 2, a vector field is usually written as F = (M, N) or Mi+ Nj. Then (3.6)
is the same as

/C F.dr = / (M) (t) + N(r(t)y'(£)) dt |
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where r : [a,b] — C is a parametrization of C' and r(t) = (x(t),y(t)). In view of this
formula, we also use

/Mda:’—i—Ndy
c

to denote the line integral of the vector field F.

Similarly, when n = 3, we let F = (M, N, P) or Mi+ Nj+ Pk, and express the line
integral of F as

/Md:v+Ndy+sz.
c

When a parametrization r is given,
/C Mde+ Ndy+ Pdz = / (M) () + Ny () + Pr(t))2' (1)) dt

Example 3.12. Find the work done of the vector field F = (y—22)i+ (2 —¢?)j+ (z— 2}k
along the curve r(t) = ti + t%j + t°k , ¢ € [0, 1], from (0,0, 0) to (1,1,1).

We have y
r
— =i+2tj+ 3tk
0 i+2tj+3 ,
F(r(t)) = (t* = )i+ (* —tHj + (t — 9k ,
and
dr 4 5 3 8
F(r(t))% =2t —2t° + 3t° — 3t° .
Therefore,

! 29
/F-dr:/ (2t* — 2t° 4+ 3t° — 3t%) dt = —.
o 0 60

There are other physical interpretation of the line integral (3.5) other than work done.
Let C be an oriented curve which admits a regular parametrization r on [a,b]. The term
F(r) - t is the projection of F onto the tangential direction of C' at the point r(¢). Image
now instead of a force field, F is the velocity of some flow (fluid or gas whatsoever). The
integral on the right hand side of (3.5) becomes the amount of the flow along the curve.
When the curve is a closed one, it is called the circulation of the flow around the curve.
And the notation is

31{ F-dr.
c

Example 3.13. Find the flow of the velocity field V = zi + zj + yk along the curve

~v(0) = cosbi+sinfj+ 6k, 6 € [0,7/2].
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We have d
d—g = —sinfi+cosfj +k ,

and
V(v(t)) = cos i+ 0j + sin Ok .

Therefore, the flow through the curve is

w/2 d’}/ /2 ) .
/o V(y(@))-@dé’ = /0 (—sinfcosf + tcosf + sin 0) df
m 1
2 2

There is another interpretation of the line integral (3.5) when n = 2. Let t =
(2'(t),y'(t))/|r'| be the unit tangent of the oriented curve at the point (z(t),y(t)). The
unit vector n = (y'(t),—2'(t))/|r'| is a vector field along the curve. From n -t =
y'(t)2'(t) — 2'(t)y'(t) = 0 we see that n is perpendicular to t. It is called the (unit)
normal vector field along the curve. When the curve is a closed one and t is in the
anticlockwise direction, it is easy to see that n points outward, so it is the unit outward
normal. For a vector field F defined in some open set containing the closed curve C'
oriented in the anticlockwise direction, the amount of F flowing across the boundary at r
in unit time is given by F - n. Consequently, the integral

/F-nds
c

When F = Mi+ Nj, the flux is given by

/C F.nds = / F(x(t)) - n(x(t)) dt = / (M) (1) — N(x(t)' (1)) dt |

which is the line integral of —Ni + Mj along C'. Hence, the flux is also given by the
formula

gives the flux of F across the curve C.

/F~nd3:/Mdy—Ndx. (3.7)
c c

Example 3.14. Find the flux of F = (z — y)i + zj across the circle 2% + y* = 1.

We choose the standard parametrization for the unit circle: r(t) = costi+sintj , t €
0,27]. Then v’ = —sinti+ costj and n = costi + sintj . The flux is given by

2
/Mdy—Ndx = / ((cost —sint) cost + costsint) dt
c 0

27
= / cos? t dt
0

= .
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Summarizing, the line integral of a vector field is

e When F is a force field, the line integral of F along a curve C' beginning at point A
and ending at B gives the work done of the force on a particle (or person) moving
from A to B.

e When F is the velocity of some fluid, the line integral of F along a closed curve C' is
called the circulation of the fluid around C. It measures the amount of fluid going
around the curve in unit time.

e When n = 2 and F is the velocity of some fluid, the line integral

/Qd:ﬁ—de:/F-nds,
c c

gives the flux of the fluid across the curve C', where n is the preferred unit normal
of C'. When (' is a closed curve oriented in the anticlockwise way, the unit normal
points outward.

3.6 Independence of Path

A main theme on the line integral of a vector field is independence of path. To formulate
it let us consider a vector field F in an open, connected subset G in R™. A set is connected
if two points inside can be connected by a continuous curve lying inside this set. When the
set is open, one may always approximate a curve inside this set by a regular curve inside
the set. The vector field F is called independent of path if for any two points A, B € G,

the line integral
/ F- dr,
c

gives the same value as long as C' is a piecewise regular parametric curve running from A
to B inside GG. Again it suffices to take C' to be a regular parametric curve, since we can
approximate a piecewise regular parametric curve by regular parametric curves which are
formed by smoothing out the junctions of the given curve.

A vector field F is called a conservative vector field or a gradient vector field if it
is the gradient of some function. In other words, it is conservative if there exists some
differentiable ® in G such that F = V®. The function ® is called a potential of F. The
potential (function) is essentially unique; in a connected set, two potential functions differ
by a constant.

The following vector fields are conservative.
e The constant vector field F = (ay,- - ,a,) whose potential is ®(z) = ajz1 + -+ +

a,x,. For instance, the gravity on the surface of the earth is (0,0, —g) where g is
the gravitational constant.
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e The gravitational force between two objects is given by

GmM
Gla,y,2) = =1, 1= | = VaZ+y? 4 22

r3

Its potential is given by

GmM
O(x,y,2) = pa—

Theorem 3.3. Let F be a continuous vector field in a connected, open set G in R™. The
following statements are equivalent:

(a) F is independent of path;
(b) For any closed curve C in G,

%F-dr:O,
c

(c) F is conservative.

Proof. (a) = (b). Let C be a closed piecewise regular curve in G. Mark any two points
A and B on the curve and express the curve as C' = C; — C5 where both €} and C5 run

from A to B. By (a)
/F~ dr = / F . dr
C C1—Cs

— /F'dr—/ F'dr
Cl CQ

= 0.

(b) = (a). Reverse the above argument.

(a) = (¢). Fix a point O in G. Let A(x) be any point in G and connect O to A
be a piecewise regular parametric curve C' inside G. Note that here we have used the
assumption that G is connected, otherwise we cannot always connected two points by a

path. Define a function ® by
O(z) = / F.dr.
c

Since the vector field is independent of path, ®(x) is independent of the choice of C. We
claim that V® = F in G. For, we connect x to the point (x; + h, za, -+, x,)(h is small)
by the curve Cj, : t — x + htey, t € [0,1]. Then C + C}, becomes a curve from O to
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(x1 4+ h,za,- -+ ,x,). We have

O(x + hey) — P(x)
h

(/CJFC}LF-dr—/CF-dr)
(/CF-dr—l—/ChF~dr—/CF-dr)

F. dr

Q\

1
/F(x+hte1)-(h,0---,0)dt
0

Fi(xy+ ht,zo,- - ,x,)dt

Il
HE5— T T T T
=

%

as h — 0. Hence 0®/0x; = F. Similarly, one can show 0®/0x; = F} for j =2,--- ,n.

(¢) = (a). Let @ be the potential for F. Let C' be a regular curve running from points A
to B whose parametrization is given by r on [a,b] such that r(a) = A and r(b) = B. We
have

/CF-dr _ /abZFj(r(t))x;(t)dt

which shows that the path integral is independent of the choice of path. Since we can
approximate each piecewise regular curve by regular curves (simply by smoothing out
the junctions), the vector field is also independent of the path formed by any piecewise
regular curve.

]

Remark. By the definition of connectedness, it is possible to connect two points in the set
under consideration by a path (that is, a continuous curve). However, it is rather obvious
that this path can be chosen as a simple, regular curve. Using this fact, one can construct
the potential function for the vector field only involving simple, regular curves. With a
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potential function available, the line integral of the vector field along any closed curve
(not necessarily simple) vanishes. Therefore, in order a vector field to be conservative, it
suffices to show it is independent of all simple regular curves.

From a practical point of view, one would like to find ways to determine whether a
given vector field is conservative, and if yes, how to recover its potential.

The answer for this question starts with a necessary condition. Assume that F is
conservative and V& = F. We have

0P .
FJ:a_:L‘]’ Z:]_,"',TL.
Taking partial derivative in x,
ory 0*®
Ory  Ox;0my
By switching j and k,
or, 0?P
8le N aazk&cj '
However, ®;, = ®;;. We arrive at
oF; OF,
b (3.8)
al’k (‘3mj

This condition does not involves the potential function. (3.8), called a compatibility con-
dition, must be satisfied when the vector field F is conservative. In the following we show
that it is also sufficient as long as the vector field is defined everywhere.

Theorem 3.4. Let F be a Cl-vector field in R™. It is conservative if and only if (3.8)
holds.

Proof. We have shown that (3.8) is necessary for F to be a conservative vector field. To
establish the converse, we claim the function ® given by

d(x) = /OIF(tx) -xdt
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is a potential for F. For,

22() = ai]/ ZF(tx)xkdt

- 8Fk
_ / Z 8% Xtz + F(tx) dt
— / Z 8:ck x)txy, + F;(tx) dt

d
— /0v Etﬂ(tl‘l, e 7t$n> dt
= Fi(x),

after using (3.8) in the third line, done. O

When n = 2 and F = Mi+ Nj, the compatibility condition (3.8) becomes

OM _ ON

8_y — % . (3-9)

When n = 3 and F = Mi+ Nj+ Pk, the compatibility condition (3.8) becomes

OM ON OM 9P  ON 9P

gr _gr v _ g9 o9 1
oy ox = 0z ox ' 0z Oy (3.10)

Example 3.15. Find the potential function (if exists) for the vector field

F = (e®cosy+ yz)i+ (vz — e"siny)j + (zy + 2)k .

We verify the existence of potential using Theorem 3.4,

(9_N__x. + _6_M

o e’ siny Z_E?y’
oP ON
_:x:_7
Ay 0z

and

oM _ 0P
0z _y_é?:zr'

It follows that the vector field is conservative.

To find the potential, we solve the equations

0P

=ecosy+yz,
8x yTy
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to get ®(x,y,2) = e cosy + xyz + g(y, z) , where g is to be determined. Next, we use

0P
dy

=xz—e’siny = —e"siny + xz + 99 ,
Jdy
which implies dg/0y = 0, that is, g(y, z) = h(z) for some function h only depends on z.

Finally, from

8—(1)—x +z=x +%
o Y -

we conclude h(z) = 2%2/2 + C where C' is an arbitrary constant. The potential for the
vector field is given by

2
O(z,y,2) :ewcosy+xyz+%+0.

It is remarkable that the compatibility condition (3.8) may not be sufficient when the
vector field is not defined in the entire space. Let us look at a remarkable example.

Consider the vector field

_y . x

R(z,y) = i+
(@9) 4y P4y

5

which is C! in the plane except at the origin. Hence the vector field is defined only in the
set R?\ {(0,0)} which is open and connected. We compute
oM —1 21 y? — a2

Oy - 22 + ¢ + (22 + y2)?2 - (22 + y2)2

ON 1 N -2z -2t

o 22+y? (2242 (2 +y?)?
We see that (3.9) holds. However, consider the circle C' : [0,27] — R? given by 6 —
(cosf,sinf). We have

550de +Ndy = /0 ' M(x(0))z'(8) + N(r(0))y'(t) do

— / (—sinf)(—sinf) + cos O cos O df
0
= 2.

According to Theorem 3.3 , R is not conservative.



